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ABSTRACT
Super-Earths are by far the most dominant type of exoplanet, yet their formation is
still not well understood. In particular, planet formation models predict that many
of them should have accreted enough gas to become gas giants. Here we examine the
role of the protoplanetary disk in the cooling and contraction of the protoplanetary
envelope. In particular, we investigate the effects of 1) the thermal state of the disk as
set by the relative size of heating by accretion or irradiation, and whether its energy is
transported by radiation or convection, and 2) advection of entropy into the outer en-
velope by disk flows that penetrate the Hill sphere, as found in 3D global simulations.
We find that, at 5 and 1 AU, this flow at the level reported in the non-isothermal
simulations where it penetrates only to ∼ 0.3 times the Hill radius has little effect on
the cooling rate since most of the envelope mass is concentrated close to the core, and
far from the flow. On the other hand, at 0.1 AU, the envelope quickly becomes fully-
radiative, nearly isothermal, and thus cannot cool down, stalling gas accretion. This
effect is significantly more pronounced in convective disks, leading to envelope mass or-
ders of magnitude lower. Entropy advection at 0.1 AU in either radiative or convective
disks could therefore explain why super-Earths failed to undergo runaway accretion.
These results highlight the importance of the conditions and energy transport in the
protoplanetary disk for the accretion of planetary envelopes.
Key words: planets and satellites: formation – planets and satellites: atmospheres
– planet-disc interactions
1 INTRODUCTION
One of the main discoveries of exoplanet finder Kepler is
the presence of a very large number of planets in the 1-4
R⊕ radii range, referred to as super-Earths (SEs), or sub-
Neptunes (Fressin et al. 2013). While some of these objects
are consistent with an Earth-like composition, others are of
lower mean density, implying that extended H/He envelopes
are needed to explain their mass and radius (Wolfgang &
Lopez 2015; Weiss & Marcy 2014). Neither super-Earths or
sub-Neptunes have analogues in the solar system, and both
probably represent an intermediate stage of planet forma-
tion, having not accreted enough gas to transition into giant
planets (Bitsch et al. 2015). They are hence a laboratory to
test planet formation models that have yet to converge on
an explanation of their origins.
? E-mail: malidib@astro.umontreal.ca
A central question is why do super-Earths significantly
outnumber Neptunian and Jovian mass planets, or why
didn’t they accrete more gas? In the context of core accre-
tion models (Pollack et al. 1996), the key physical process
to examine is the phase in which the gas envelope is joined
smoothly to the disk, and gas accretes slowly and hydrostat-
ically onto the core. The rate of gas accretion is regulated
by the atmosphere’s cooling efficiency, as loss of thermal
energy causes the envelope to contract, driving accretion.
Many works have examined this process in the context of
super-Earth formation. Lee, Chiang, & Ormel (2014) and
Lee & Chiang (2015) for example showed that a 5-10 M⊕
core at 0.1 AU can reach gas runaway accretion before the
dissipation of the disk in a large swath of parameter space.
They hence proposed that super-Earths either form in a low
gas to dust ratio environment, in which cooling of the en-
velope is slow due to high opacities (although, as found by
Lee & Chiang (2016), high enough dust abundance will in-
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crease the mean molecular weight, decreasing cooling time),
or through collisional mergers of protoplanets where the final
mass doubling (the final merger that creates 5-10 M⊕ cores)
occurs sufficiently late in disk evolution so that there is not
enough time nor enough gas for super-Earth cores to un-
dergo runaway accretion. Alternatively, Kite, et al. (2019)
proposed that, for planets around this mass, the pressure
at the base-of-atmosphere is high enough to sequester the
atmosphere into magma core, quenching further growth of
gaseous envelope.
Another possible solution to this problem was put for-
ward initially by Ormel, Kuiper, & Shi (2015) and Ormel,
Shi, & Kuiper (2015), who conducted hydrodynamic simu-
lations of a core embedded in a disk. They found that, for
isothermal conditions, the envelope-disk system behaves as
an open system, with continual exchange of gas between the
Hill sphere and the disk. Flow of disk gas into the planetary
envelope continuously replenishes it with higher entropy gas,
slowing down atmospheric cooling. Here, we refer to this pro-
cess as “entropy advection”. Similar results were found in
adiabatic simulations (Popovas et al. 2018). Models includ-
ing radiative cooling (Lambrechts & Lega 2017; Kurokawa &
Tanigawa 2018), however, found the flow to penetrate only
to ∼ 0.3 RHill, with the gas inside this radius being hydro-
statically bound to the core, significantly muting the effect.
These global simulations however were conducted only for
few orbital periods due to their numerical cost.
In this paper, we investigate the influence of entropy
advection on the long term evolution of planetary envelopes
during the slow gas accretion phase. We adopt 1D cooling
models of the planetary envelope, that can follow its evo-
lution over long timescales, but modify the outer boundary
condition to include the effect of advective winds. The main
goal is to quantify how much entropy advection at the levels
reported by the non-isothermal hydrodynamic simulations
affect this phase. We moreover investigate the range of en-
tropy expected for the disk gas. In particular, convective
transport of energy in the disk leads to a larger entropy
than in a radiative disk. Both of these aspects change the
entropy at the outer boundary of the envelope, and therefore
the envelope structure and cooling rate. While our model is
simplified, especially in contrast with 3D global hydrody-
namic simulations that consistently account for important
effects such as rotation (Fung, Zhu & Chiang 2019), it al-
lows us to follow envelope cooling all the way to runaway
accretion and investigate further the role of this mechanism
in the formation of super-Earths.
We start in §2 with a discussion of the expected condi-
tions in the disk near a super-Earth progenitor, and compare
with conditions assumed in previous work. In §3, we use 1D
models of the cooling envelope to follow the growth of the
planet under different disk conditions, including a modified
outer boundary condition that approximates the effect of en-
tropy advection. We conclude and discuss the implications
for super-Earth formation in §4.
2 CONDITIONS IN THE PROTOPLANETARY
DISK
In the initial growth of a planetary envelope, when the mass
of the envelope is smaller than the mass of the solid core, the
envelope extends out to a distance comparable to the Bondi
or Hill radius, where it smoothly joins onto the disk. The ac-
cretion rate of gas onto the core, or equivalently the growth
rate of the envelope, is set by how quickly the envelope can
cool. This is “Phase 2” of the core-accretion model of planet
formation (Pollack et al. 1996; Mordasini, et al. 2015). In
this phase, models use the disk density and temperature as
an outer boundary condition when calculating the cooling
rate of the envelope.
A common choice is to take the temperature profile of
the disk as set by irradiation from the central star (Chiang
& Goldreich 1997) combined with an assumed disk density
profile. For example, Lee, Chiang, & Ormel (2014) take the
minimum-mass extrasolar nebula (MMEN) from Chiang &
Laughlin (2013), with density and temperature
ρMMEN = 7.6× 10−9 g cm−3 r−2.9AU (1)
TMMEN = 373 K r
−3/7
AU , (2)
where rAU is the distance from the star measured in AU. Piso
& Youdin (2014) use a minimum-mass solar nebula (MMSN)
with similar power law slopes for the temperature and den-
sity profiles, but colder (≈ 120 K at 1 AU), and less dense by
a factor of 2–3 (Chiang & Laughlin 2013). Another example
is Rafikov (2006) who used a similar profile.
The conditions in the disk could, however, be quite dif-
ferent if the disk is actively accreting, particularly close to
the star where viscous heating dominates stellar irradiation
(Garaud & Lin 2007). To model this case, we use a standard
steady-state thin disk (Pringle 1981). For a given accretion
rate M˙ , the surface temperature Ts and column density Σ
in the disk are given by
σT 4s =
3GM?M˙
8pir3
; Σ =
M˙
3piν
=
M˙
3piαΩH2
, (3)
where r is the distance from the star, M˙ the accretion
rate of the disk onto the star, M? is the stellar mass,
Ω = (GM?/r
3)1/2, and we use the alpha prescription for
viscosity in the form ν = αΩH2. Unless otherwise specified
we adopt values α = 10−2, M˙ = 3 × 10−8M yr−1, and
M? = 1M for the models in this paper. Note that the disk
conditions depend on M? and r only through Ω, so that our
results can be rescaled to different stellar masses by chang-
ing r to keep the same orbital period. In this work we assume
the disk’s accretion rate to be constant. In reality however
this accretion rate will decrease with time, cooling down the
envelope’s outer boundary.
For the outer boundary of our envelope models, we need
the temperature Td and density ρd near the disk midplane.
The density is given by
ρd =
Σ
2H
, (4)
where the disk scale height from hydrostatic balance in the
vertical direction is
H = β
cs
Ω
(5)
with cs the sound speed in the disk given by c
2
s = γP/ρ, and
β a parameter of order unity that depends on the vertical
profile of temperature and density in the disk. Assuming an
ideal gas equation of state P = ρkBT/µ, where µ is the
mean molecular weight, we find that the central density and
MNRAS 000, 1–10 (2019)
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Figure 1. The density (left), temperature (center), and entropy (right) profiles of our radiative (red) and convective (blue) alpha-disk
models for an accretion rate M˙ = 3 × 10−8 M yr−1. For comparison, we show other disk models from the literature: accreting disk
models from (Hueso & Guillot 2005) and (Bitsch, et al. 2015), and the minimum mass solar nebula (MMSN) (Piso & Youdin 2014)
and minimum mass extrasolar nebula (MMEN) (Chiang & Laughlin 2013). All the accreting disk models have similar temperature and
density profiles, with the one difference that the convective disk has a lower density and higher entropy than the radiative disks. The
passive disks have much higher densities and lower temperatures and entropy in the inner parts of the disk within 1 AU.
temperature are related by
ρd =
M˙Ω2
6piαβ3
(
µ
γkB
)3/2
1
T
3/2
d
. (6)
We assume constant γ = 1.4 and µ = 2.34mp.
The disk temperature Td is determined by the vertical
energy transport in the disk. Here, we consider two models.
The first is a radiative disk with constant opacity κ. In that
case, the radiative diffusion equation gives
T 4d,rad = τT
4
s =
(
κΣ
2
)
T 4s (7)
where τ is the optical depth through the disk. In this case,
we set β = 1, from which it follows that
Td,rad = T
4/5
s
(
κµΩM˙
6piαkBγ
)1/5
= 373 K r
−9/10
AU α
−1/5
−2 M˙
2/5
−7.5
×
(
M?
M
)3/10(
κ
cm2 g−1
)1/5
(8)
where α−2 = α/0.01 and M˙−7.5 = M˙/10−7.5 M yr−1. The
density is then
ρd,rad = 1.7× 10−10 g cm−3 r−33/20AU α−7/10−2 M˙2/5−7.5
×
(
M?
M
)11/20(
κ
cm2 g−1
)−3/10
. (9)
The second case is a convective disk (Lin & Papaloizou 1980)
in which the convection is efficient so that the thermal profile
corresponds to an adiabat. Then
Td,conv = Ts
(
ρc
ρs
)γ−1
, (10)
where the density at the surface of the disk is ρs ≈ 1/κH.
Since P ∝ ργ along the adiabat, hydrostatic balance in the
vertical direction gives β2 = 2/(γ − 1). Using equation (6)
for ρc, we find
Td,conv = T
1/γ
s
(
κµΩM˙
6piαkBγβ2
)(γ−1)/γ
= 391 K r
−27/28
AU M˙
13/28
−7.5 α
−2/7
−2
×
(
M?
M
)9/28(
κ
cm2 g−1
)2/7
(11)
where we take γ = 1.4. The density is
ρd,conv = 1.4× 10−11 g cm−3 r−87/56AU α−4/7−2 M˙17/56−7.5
×
(
M?
M
)29/56(
κ
cm2 g−1
)−3/7
. (12)
In both cases, we approximate the effect of dust sublimation,
which significantly lowers the opacity and therefore the tem-
perature gradient in the disk (D’Alessio, Calvet & Hartmann
2001), by limiting the temperature to be Td < 2000 K.
We show the temperature and density profiles for the
radiative and convective disks in Figure 1, compared with
two more detailed models from the literature (Hueso & Guil-
lot 2005; Bitsch, et al. 2015). To generate the profiles from
the code provided by Hueso & Guillot (2005), we start with
a 0.01 M star surrounded by a 1 M cloud at 10 K. We
evolve the system for ∼ 0.5 Myr until the mass and accre-
tion rate of the disk becomes comparable to ours. To gen-
erate the disk profiles from the code provided by Bitsch, et
al. (2015), we use the default parameters of the fit. We see
that the density and temperature profiles have mostly simi-
lar slopes. The effect of dust sublimation can be seen in the
flattening of the disk temperature profile for r . 0.2 AU. We
also compare our accreting disk models with the passive disk
models MMEN (Chiang & Laughlin 2013) and MMSN (Piso
& Youdin 2014). The accreting disks are significantly hotter
and less dense than the passive disks in the inner parts of
the disk r . 1 AU.
We also show the entropy of the disk in Figure 1. En-
tropy will be important for our models of the disk flow that
penetrate the Hill sphere, since the flow timescale is short
MNRAS 000, 1–10 (2019)
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enough that the flow is adiabatic. The entropy at the outer
boundary is also a relevant quantity for comparison with
the interior of the planetary envelope, which is convective
in many cases and therefore also follows an adiabat. We
find that the entropy in the inner part of the disk is sig-
nificantly larger in accreting models than the passive disk
models. The trend of entropy with radius is also opposite in
the two cases, with entropy decreasing outwards for accret-
ing disks, but increasing outwards for passive disks. This
is because the MMEN has a shallower temperature pro-
file (Td ∝ r−3/7) and steeper density profile (approximately
ρd ∝ r−3), giving approximately P/ργ ∝ r4/5, compared to
our radiative or convective models, which both have scalings
close to Td ∝ r−1 and ρd ∝ r−3/2, giving P/ργ ∝ r−2/5.
3 COOLING MODELS INCLUDING ENTROPY
ADVECTION
In this section, we model the evolution of the protoplanetary
atmosphere as it cools and accretes, and explore the effects
of entropy advection and different disk models. Details of the
cooling models are given in §3.1, including a modification of
the outer boundary condition that approximately takes into
account entropy advection, and then we present our results
in §3.2.
3.1 Atmospheric cooling model
3.1.1 Structure equations and evolution
To model the slow-phase gas accretion, we first define the
standard atmospheric structure equations as:
dm
dr
= 4pir2ρ(r) (13)
dP
dr
= −Gm
r2
ρ(r) (14)
dT
dr
= ∇T
P
dP
dr
(15)
where ∇ = min(∇ad,∇rad) with ∇ad the adiabatic gradient:
∇ad ≡
(
d lnT
d lnP
)
ad
=
γ − 1
γ
(16)
and ∇rad the radiative gradient:
∇rad ≡ 3κP
64piGmσT 4
L (17)
where L is the envelope’s luminosity, and κ is the opacity
that we define following Bell & Lin (1994) as:
κ = κiρ
aT b (18)
where we take into account all of the different opacity sources
used in that paper, including gas, silicates, ice, and H- scat-
tering opacity that becomes relevant at high temperatures.
We moreover artificially suppress grains opacity by a factor
10 to account for possible grain growth and settling in the
atmosphere (Ormel 2014). Finally we close the system with
the ideal gas equation of state P = ρgkBT/µ. We solve these
equations by integrating inwards from the outer boundary
at Rout to the core.
We replace the envelope’s time dependent energy equa-
tion by the cooling treatment of Piso & Youdin (2014) where
we construct a large series of steady state models with in-
creasing envelope mass by integrating the equations above,
and then connect them by the calculating the timestep nec-
essary to jump between any two adjacent steady states as:
∆t =
−∆E
〈L〉 (19)
where brackets indicate a quantity’s mean value between two
states, and ∆ indicate their difference. E is the envelope’s
total (gravitational and internal) energy: E = EG+U where
EG = −
∫ M
Mc
Gm
r
dm (20)
and
U =
∫ M
Mc
u dm (21)
with
u = CV T =
kB
µ
(∇−1ad − 1)T (22)
These terms are evaluated at the radiative-convective
boundary level, since a fundamental assumption in Piso &
Youdin (2014) is that the luminosity is constant in the outer
radiative zone. Note that we have ignored the two surface
terms in Piso & Youdin (2014) (〈e〉∆M − 〈P 〉∆V ), since
both them and Lee, Chiang, & Ormel (2014) found them
to be negligible except at runaway accretion where the mass
accretion term increases. We checked that this applies to our
model as well.
Our model consistently includes the atmosphere’s self
gravity. In practice, we start calculating each snapshot by
choosing a value for the envelope’s mass. The eigenvalue
of the problem is the luminosity L, where the correct value
gives an integrated envelope mass equal to the value we chose
initially. The free parameters of our atmosphere model are
hence the disk temperature and density (controlled simul-
taneously through the semi major axis), Radv, and the core
mass Mc.
3.1.2 Outer boundary condition and model for entropy
advection
Standard models of planet formation place the outer bound-
ary of the planetary envelope at either the Hill sphere or
Bondi radius, whichever is smaller, i.e. Rout=min(RH ,RB)
(e.g. Bodenheimer & Pollack 1986). At that location, the
density and temperature of the gas are set to be the same as
the conditions in the disk (ρd and Td from section 2, as sum-
marized in Table 1). The Hill radius is RH = a(Mp/3M?)
1/3,
and the Bondi radius is RB = GMp/c
2
s where c
2
s = γkBTd/µ
gives the sound speed in the disk. Their ratio is
RB
RH
= 3
(
RH
H
)2
= 0.63 a−1AU
(
Td
400 K
)−1(
Mp
10M⊕
)2/3(
M?
M
)1/3
,(23)
MNRAS 000, 1–10 (2019)
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where a is the distance from the star and H = cs/Ω is the
disk scale height. Note that for our α disks, the quantity aTd
is approximately constant, and so RB/RH depends weakly
on distance from the star.
To take into account the effects of entropy advection,
we modify the outer boundary condition by first moving the
outer boundary inwards to a new location Radv < Rout. The
ratio Radv/Rout is a parameter of the model that describes
how far the disk flows penetrate into the envelope. Since
the region Radv < r < Rout is continually replenished with
disk gas on a faster timescale than the thermal timescale, we
expect the gas in this region to be adiabatic, with the disk’s
entropy. We therefore fix the entropy of the outer boundary
at r = Radv to be the same as the disk entropy. We then
integrate inwards as before, but while imposing ∇ = ∇ad for
R ≥ Radv. We are hence assuming hydrostatic equilibrium
in the radial direction in the outer advective envelope, while
also accounting for the exchange of material with the disk.
We can derive an analytic expression for the increase in
temperature in the entropy advection region if we neglect
self-gravity of the envelope, ie. assume that the envelope
mass is small compared to the core mass (note that self-
gravity is included in our numerical solutions). We take the
gas to be adiabatic in this region, P = Kργ , and assume
ideal gas as before, P = ρkBT/µ. With these assumptions,
the equation of hydrostatic balance dP/dr = −ρGMp/r2
can be integrated inwards from r = Rout to r = Radv to
give
Tadv − Td
Td
=
(
γ − 1
γ
)(
GMpµ
kBTdRout
)[
Rout
Radv
− 1
]
, (24)
where we take the temperature at Rout to be the disk tem-
perature Td, and Tadv is the temperature at the inner edge of
the entropy advection zone r = Radv. In terms of the Bondi
radius, RB = GMp/c
2
s,
Tadv − Td
Td
= (γ − 1)
(
RB
Rout
)[
Rout
Radv
− 1
]
. (25)
The factor RB/Rout is either unity when the Bondi radius
is smaller than the Hill radius (then Rout = RB), or larger
than unity when the Bondi radius is larger than the Hill
radius (then Rout = RH).
Equation (25) shows that entropy advection can easily
result in tens of percent increase in the outer boundary tem-
perature, and possibly substantially more depending on the
depth to which the flow penetrates and whether the Bondi
radius is larger than the Hill radius. How will this impact
the cooling luminosity? We can estimate the effect on the lu-
minosity if we assume that the radiative zone is isothermal
(which applies only to low metallicity envelopes), so that the
temperature at the radiative-convective boundary (RCB) is
the same as the outer boundary temperature, TRCB = Tadv.
The luminosity, set at the RCB, is
L ≈ 64piGMpσT
4
RCB∇ad
3κPRCB
∝ T
4
RCB
κPRCB
(26)
(Arras & Bildsten 2006; Piso & Youdin 2014) (again we will
neglect the self-gravity of the envelope). For a power law
dependence of opacity κ ∝ ρaT b ∝ P aT b−a, we find that
for a fixed internal entropy so that PRCB ∝ T γ/(γ−1)RCB , the
luminosity varies with RCB temperature as
d lnL
d lnTRCB
= 4− b+ a− (1 + a) γ
γ − 1 . (27)
Radiative disk Convective disk
Td [K] ρd [g/cm
3] Td [K] ρd [g/cm
3]
20 AU 24 1.18×10−12 21 1.32×10−13
5 AU 85 1.17×10−11 80 1.13×10−12
1 AU 365 1.67×10−10 382 1.38 ×10−11
0.1 AU 2000 7.45×10−9 2000 4.96×10−10
Table 1. The disk temperature and density values used for our
simulations. For the disk model parameters, we take M˙ = 3 ×
10−8 M yr−1, α = 10−2, and M? = M.
Taking the values a = 2/3 and b = 3 for molecular opac-
ity from Bell & Lin (1994), we find that a change in RCB
temperature ∆TRCB leads to a change in luminosity
∆L
L
≈ −4∆TRCB
TRCB
≈ −4Tadv − Td
Td
= −8
5
(
RB
Rout
)[
Rout
Radv
− 1
]
. (28)
A hotter outer boundary leads to a lower luminosity. For
Radv/Rout = 0.3 (0.1) and assuming Rout = RB , the pre-
dicted decrease in luminosity is a factor of ≈ 4 (≈ 14).
For dust opacity, Bell & Lin (1994) give a = 0 and b =
1/2 (metal grains) or b = 2 (ice grains). In this case,
d lnL/d lnTRCB = (1/2) − b, so the change in luminosity
will be smaller than for molecular opacity.
Since the luminosity sets the cooling timescale and the
envelope mass increases as a power law in time, we expect
similar changes in the time to reach crossover mass or in
the envelope mass at a given time. For example, using the
scalings derived by Lee & Chiang (2015) for the envelope
mass at a fixed time (their eq. 17), we find Menv/Mp ≈
−(3/2)∆TRCB/TRCB for a = 2/3 and b = 3. For dust with
a = 0, the scaling is Menv/Mp ≈ (1/4)(1−2b)∆TRCB/TRCB.
The overall effect of entropy advection therefore depends
on the opacity regime at the RCB and dust content of the
envelope. We present the results of our more detailed models
in the next section.
3.2 Results
We now use our numerical models to evaluate the influence
of the disk conditions on the envelope growth for a fixed
mass 10 M⊕ core at three different locations in the disk, at
0.1, 1 and 5 AU. The disk density and temperature at these
locations for the different models are given in Table 1. For
the purposes of these calculations, we assume that the disk
conditions are fixed, i.e. the disk accretion rate is constant
in time. As discussed above, dust opacity is suppressed by a
factor of 10 for these models.
3.2.1 The effect of entropy advection on envelope growth
Considering the control case of a radiative disk without en-
tropy advection, we overall find the expected trends, where
the envelope’s luminosity decreases with time, the RCB
moves to higher pressures, and the envelope mass increases.
MNRAS 000, 1–10 (2019)
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Figure 2. Left panel: The envelope mass after 1 and 10 Myr as a function of entropy advection depth Radv/Rout and the semi major
axis. Right panel: The envelope’s crossover time as a function of the same parameters. Here 0.1 AU is not shown since it is higher up on
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Figure 3. Upper panels: The envelope’s temperature, density, and entropy radial profiles for a core at 1 AU of a radiative disk as
a function of the envelope’s mass. Dashed and solid lines represent respectively the cases without and with entropy advection. Lower
panels: Same as above, but for a core at 0.1 AU in a convective disk. Here, for the case with advection, only two envelope masses are
shown since the system quickly becomes fully isothermal and stops cooling, halting gas accretion entirely.
Additionally, the envelope mass increases with the semi-
major axis as the lower ambient temperatures allow for more
efficient cooling.
In Fig. 2, we show the envelope mass at 1 Myr as a
function of the semi major axis and the depth of penetration
of the disk flow inside the envelope, parametrized through
Radv/Rout. All simulations were done in our nominal radia-
tive disk. While non-isothermal hydrodynamic simulations
found the flow to penetrate only to ∼ 0.3 RH , we try values
down to 0.1 RH to explore the parameter space. At 5 and
1 AU, entropy advection introduces a difference in envelope
mass of a factor ∼ 2–3 for Radv/Rout=0.3. This indicates
that this mechanism does not affect the cooling rate consid-
erably for advection at the level reported by hydrodynamic
simulations, even after 1 Myr. If we assume that the disk
flow can penetrate to 0.1 Rout however, then the difference
is larger (∼ 4).
At 0.1 AU, the effect of entropy advection is much more
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dramatic. We find an order of magnitude difference in enve-
lope mass for Radv/Rout=0.3, and then an even larger effect
for deeper advection. As we discuss more in section 3.2.2,
this is because the envelopes become fully-radiative, length-
ening their cooling times considerably.
To understand why entropy advection has a mild effect
for Radv/Rout ≥ 0.3 at 1 and 5 AU, we show the evolution
of the radial gas temperature, density, and entropy profiles
for the two cases with Radv/Rout= 1 and 0.3 at 1 AU in the
upper panels of Fig. 3. Curves of the same color correspond
to the same envelope mass. While the disk flow is limited
to the outer envelope, the density plots show that most of
the envelope’s mass is concentrated in the inner envelope
close to the core (as also noted by Lee & Chiang (2015)).
Even though the profiles shapes for the two cases differ in
the outer envelope, the differences are less pronounced close
to the core where the gas is concentrated. Another way to
interpret these results is by considering equation (24), and
assuming that TRCB ∝ Tadv, and that the cooling rate of the
envelope is controlled mainly by TRCB. Equation (24) shows
that for Radv/Rout = 0.3, TRCB is increased only mildly.
It is important to emphasize however than this small
factor of ∼ 2–3 envelope mass difference for any given time
introduced by entropy advection at large disk radii can delay
runaway accretion. To illustrate the potential consequences
on the time to reach runaway gas accretion, consider a case
where the lifetime of the gas disk is 10 Myr, indicated by
the horizontal line in the right panel of Fig. 2 which shows
the time to reach crossover tco (at which the envelope mass
equals the core mass). Considering the case at 5 AU after
10 Myr, the envelope reaches crossover mass and runaway
accretion for any Radv/Rout larger than ∼ 0.6. Entropy ad-
vection for Radv/Rout=0.3 is hence able to delay runaway
accretion beyond the dissipation of the disk. We find an
even greater effect further out where the disk is colder. Fig-
ure 4 shows models at 20 AU, as appropriate for formation of
Uranus. The convective and radiative disks show very simi-
lar behavior; in each case, including entropy advection with
Radv/Rout = 0.3 delays runaway by an order of magnitude
(from ≈ 2× 105 yrs to ≈ 2 Myrs for the parameters chosen
here), even though in no case runaway time is delayed be-
yond the lifetime of the disk (due to its low entropy at 20
AU).
3.2.2 The effect of disk entropy on envelope growth
In Fig. 5 we investigate the effects of the disk entropy by
comparing the envelope cooling time between radiative and
convective disks, at 0.1 and 5 AU. We moreover show the
results obtained using the MMEN for comparison.
Considering the cases at 5 AU, we find again a relatively
modest effect. Comparing independently the cases with and
without entropy advection (solid and dashed lines respec-
tively) at a time 1 Myr, we see that the envelope mass in
the convective disk is approximately a factor of 1.5 lower
than in radiative disks. This is due to the higher ambient
(disk) entropy in convective case as can be seen in Fig. 1,
implying simultaneously roughly the same disk temperature,
but a significantly lower disk density (Fig. 1). As previously,
we see that entropy advection acts to delay runaway. In all
three disk models (radiative, convective, and MMEN), run-
away accretion is reached within our fiducial disk lifetime
Figure 4. Envelope mass as a function of time for a 10 M⊕ core
at 20 AU, as appropriate for the formation of Uranus. We show
results for both radiative (green curves) and convective disks (red
curves), with (solid) and without (dotted) entropy advection. In
both disks, entropy advection delays runaway accretion by one
order of magnitude in time.
of 10 Myr without entropy advection, but including entropy
advection with Radv/Rout = 0.3 however precludes runaway
within 10 Myr.
At 0.1 AU, however, the disk model has a much more
dramatic effect when entropy advection is included. First
considering the case at 0.1 AU without entropy advection,
the envelope mass in the convective disk is again a factor 1.5
lower than for the radiative disk for both 1 and 10 Myr. The
influence of the disk model is much greater when entropy
advection is included. The solid green and red line in Fig. 5
represents the case of radiative and convective disks with
entropy advection, at 0.1 AU. The behavior of the atmo-
sphere here is clearly different than the rest. The envelope
mass plateaus quickly and the system evolution slows down
significantly to a steady state. The final envelope mass is or-
ders of magnitude less massive than the corresponding case
without entropy advection.
The stalling of the cooling of the envelope is due to the
fact that it becomes fully-radiative. This can be seen in Fig.
3 (bottom panels), where we plot the evolution of the en-
tropy profile of the envelope for the convective disk case.
The entropy of the envelope is always lower than that of the
disk, as physically our setup is equivalent to integrating in-
ward from the disk entropy to an internal adiabat, passing
through a radiative zone where entropy decreases. For low
envelope mass (earlier times, higher luminosity), the enve-
lope is characterized by an outer adiabatic plateau due to
entropy advection, then a radiative zone where the entropy
decreases, then finally the inner adiabat in the convective
zone where the entropy is constant again. This inner con-
vective zone then becomes smaller with increasing envelope
mass (increasing time and decreasing luminosity), till it dis-
appears entirely creating a fully radiative envelope inside the
outer adiabatic zone. Once this stage is reached, the enve-
lope cooling slows down dramatically, as the entropy profile
stops evolving, and orders of magnitude decrease in the lu-
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Figure 5. Envelope mass for a 10 M⊕ core as a function of time at 5 AU (left panel) and 0.1 AU (right panel). We show results for
radiative (green), convective (red), and MMEN (cyan) disks, and with (solid) and without (dotted) entropy advection. For radiative and
convective disks at 0.1 AU (red and green solid curves), the high disk entropy forces the envelope into a fully isothermal (thus radiative)
state, shutting down its cooling and mass accretion. The green dot in the left panel shows effect on runaway time (radiative disk, without
entropy advection) of using the full ISM dust opacity (other cases have dust opacity reduced by a factor of 10, see text for discussion).
minosity are needed to jump into the next envelope snapshot
with slightly higher mass.
To understand this further, we also plot the density
and temperature evolution for this case in Fig. 3. Due to
the high temperature but low density, the radiative gradi-
ent ∇rad ∝ T−4 is vanishingly small, leading to an almost
isothermal radiative zone in the envelope, with the temper-
ature increasing adiabatically in the outer adiabatic zone,
and (for low envelope masses) again in the inner convec-
tive region. Once the inner convective zone has disappeared
however, the entire envelope inside the outer adiabat be-
comes isothermal, and thus no more cooling is possible since
the temperature gradient has vanished. This also freezes the
density profile, and therefore the total mass. This same type
of behavior for isothermal envelopes was also noted by Lee
& Chiang (2015).
Looking at the cases of the MMEN disk at 0.1 AU,
we find that the envelope grows significantly more than in
the radiative and convective disks. This is true both with
and without entropy advection. The larger envelope mass is
due to the significantly lower entropy of the MMEN com-
pared to ours as seen in Fig. 1, allowing for a more efficient
cooling. Physically, this is because MMEN disks are passive,
while our radiative disk is viscously heated. Note that in the
MMEN disk at 0.1 AU the envelope does not reach runaway
accretion in 10 Myr. This is in contrast with the results of
Lee, Chiang, & Ormel (2014), but we find that this is due
to the differences in the model details, including the opacity
prescription and equation of state. Lee, Chiang, & Ormel
(2014) use a generally lower adiabatic γ than our 1.4, that
can go down to ∼ 1.2 due to their EoS accounting for the
effects of H2 dissociation. We are able to reproduce their
results by adopting a lower value of γ in our model.
Lee, Chiang, & Ormel (2014) earlier studied the depen-
dence of crossover time on the disk temperature and density,
and found that the disk conditions do not strongly affect the
time to crossover. To investigate this in our models, we take
the radiative disk case, and, at each radius, run two extra
simulations with the temperature artificially scaled by fac-
tors of 0.5 and 2. Our results are shown in Fig. 6. At 0.1 AU
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Figure 6. The envelope crossover time for a fixed core mass of
10M⊕ as a function of the radiative disk’s temperature and den-
sity. Circles and X represent respectively models without and with
entropy advection. Circles of the same color have the same semi
major axis (and thus density), but differ in temperature by a fac-
tor 2. The steep dependency slope of the crossover time on the
disk temperature shallows out significantly at 0.1 AU.
we retrieve the same tco ∝ T 0.33d dependency as Lee, Chiang,
& Ormel (2014). At lower temperatures, however, this rela-
tion gets much steeper, between tco ∝ T 2d and tco ∝ T 2.5d ,
similar to what we get from the analytical treatment of Piso
& Youdin (2014) (using their eqs. [1b] and [34]). This change
in dependency is due to opacity regime change. At 100 K
for example, a factor 2 in temperature can change the opac-
ity regime entirely from grains-dominated to molecular gas-
dominated due to ice sublimation. At 1000 K however, as
long as hydrogen has not dissociated, a factor of two change
in temperature will keep the system in the same opacity
regime. When considering the density, we retrieve the same
tco ∝ ρ−0.2d power law as Lee, Chiang, & Ormel (2014), since
our opacity laws depends significantly more on temperature
than on density.
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4 SUMMARY & DISCUSSION
In this paper we considered the cooling and subsequent
growth of the envelope of a 10M⊕ core embedded in a proto-
planetary disk. We aimed to understand how the long term
envelope cooling is affected by two different aspects of the
disk: 1) the disk entropy and thermal state, and 2) advec-
tion of entropy into the atmosphere by disk flows (“entropy
advection”). We considered three different disk models: ac-
creting disks with vertical energy transport by radiation or
by convection, and a disk heated by irradiation from the cen-
tral star (the minimum mass exoplanetary nebula MMEN),
and modelled the envelope growth at different locations in
the disk.
Our main findings are as follows:
• For cores located at 1 and 5 AU, entropy advection
to the depth Radv/Rout = 0.3 (as found in non-isothermal
hydrodynamic simulations) decreases the envelope mass at
any given time by only a factor of ∼ 2–3. This is true for
both radiative and convective disks. These cores are able
to develop massive envelopes of the order of ∼ M⊕ even
when entropy advection is included. The runaway time is
delayed by a factor ∼ 3–5, possibly pushing it beyond the
disk lifetime.
• For both radiative and convective disks at 0.1 AU, we
find that the disk entropy is high enough for entropy advec-
tion to force the envelope into a fully-radiative state after a
brief period of cooling. Once this has been reached, the enve-
lope growth stalls entirely as it becomes isothermal, keeping
the envelope mass orders of magnitude lower than the cor-
responding case without entropy advection.
• The reduction in envelope mass by entropy advection in
the inner parts of the disk is significantly more pronounced
in convective disks due to their higher entropy, leading to
steady-state envelope mass of only ∼ 2×10−3 M⊕, compared
to ∼ 2× 10−2 M⊕ in radiative disks (Fig. 5).
• When irradiation is the only source of energy heating
the disk, as assumed in many previous models (e.g.Chiang
& Goldreich 1997; Piso & Youdin 2014; Rafikov 2006), the
temperature and entropy close to the star (∼ 0.1 AU) are sig-
nificantly lower than in accreting disks. This leads to much
faster envelope growth. There is a large difference in the
inner parts of the disk despite similar conditions further
out because irradiated disks have an entropy profile that
increases outwards, as compared to the relatively shallow
entropy gradient in viscously heated disks (Fig. 1).
Current Super Earths population is consistent with a
wide range of chemical compositions for both the cores and
envelopes, and, by consequence, envelope mass fractions
(Wolfgang & Lopez 2015). The low envelope to core mass
ratios we obtain at 0.1 AU with entropy advection (∼ 10−4–
10−2) are consistent with a volatiles-poor subpopulation,
while our no-advection cases are consistent with relatively
volatiles-rich Super Earths. Moreover, the less massive en-
velopes we obtain are especially prone to photoevaporation
(Owen & Wu 2013, 2017). Our results hence point towards
some of the high mass, small radius Kepler planets being
naked cores, and provide a natural formation mechanism for
such planets. These cores however could regenerate a tenu-
ous but detectable atmosphere via geochemical processes, as
in 55 Cancri e (Tsiaras, et al. 2016). Note however that this
does not take into account the envelope’s mass loss due to its
own cooling luminosity after the disk’s dispersal (Ginzburg,
Schlichting & Sari 2016; Gupta & Schlichting 2019).
The slowing of envelope growth by entropy advection
could be important for core accretion models of Uranus and
Neptune, which face the problem of needing to grow the
solid core quickly enough, while at the same time avoiding
runaway gas accretion and growth to a gas giant (Helled
& Bodenheimer 2014). Our calculations do not take into
account growth of the solid core, and so we cannot construct
a detailed model of the formation of Uranus or Neptune.
We did, however, calculate the growth of the envelope at an
orbital radius of 20 AU, appropriate for Uranus, to illustrate
the effect of entropy advection (Fig. 4). The delay in runaway
time may help with models of ice giant formation. Note that
our models do not include the timescale to build the core,
which could be the rate-limiting step if the growth is by
planetesimal accretion, or could be quite rapid in the case
of pebble accretion or if the cores form closer in and are
scattered outwards (Helled & Bodenheimer 2014). Slowing
the envelope growth means that the planet spends more time
with envelope masses of∼M⊕ needed to explain the inferred
H/He fractions in Uranus or Neptune. This may alleviate
the fine-tuning of the disk lifetime needed to reproduce the
gas fractions of the ice giants (e.g. see discussion in Helled,
Nettelmann & Guillot 2019).
Our results suggest that energy transport by convection
in the protoplanetary disk could be partially responsible for
the low envelope masses of super-Earths. Whether or not
protoplanetary disks become convective is an open question.
Lin & Papaloizou (1980) derived a simple criteria for trigger-
ing vertical convective instability in disks: for a power law
opacity κ ∝ T β : ∇ad > 1/(4− β). For ∇ad ∼ 0.285, and the
opacity prescription of Bell & Lin (1994), this condition can
be satisfied in large parts of the disk, including at 0.1 AU.
While these models were set aside for a while due to conflict-
ing numerical results (Klahr 2007), more recent studies, for
example Rafikov (2007); Lesur & Ogilvie (2010); Fromang
& Lesur (2019); Pfeil & Klahr (2019), showed that verti-
cal convective instability in disks cannot yet be excluded as
a plausible heat and angular momentum transport mecha-
nism.
While turbulence likely plays a role in planetesimals
formation (Johansen, et al. 2007), and convective disks of-
fer that naturally through hydrodynamic turbulence, ALMA
observations suggest that at least some disks might be close
to laminar (Flaherty, et al. 2015, 2017). These measure-
ments, while limited to HD 163296, put into doubt the pres-
ence of a significant source of turbulence (MRI or purely
hydrodynamic) in disks. If indeed future observations rule
out the presence of turbulent (and specifically convective)
disks, then models should focus on the lower entropy radia-
tive disks.
Our results point to the important role of the disk in
the accretion rate of protoplanetary envelopes, and the un-
certainty introduced by our lack of knowledge of conditions
in the disk. For the calculations in this paper we made a
number of approximations that should be relaxed in future
work. We did not follow the time-evolution of the protoplan-
etary disk, but instead assumed constant disk conditions.
We also did not follow the growth of the protoplanetary
core, but instead assumed a constant core mass. Another
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important factor is the dust opacity, which we took to be
reduced from the interstellar value by a fixed factor of 10.
Our prescription for entropy advection is simplified in par-
ticular by assuming spherical symmetry whereas the disk
flows into the Hill sphere in simulations are definitely not
spherically-symmetric. Further work that relaxes these as-
sumptions will allow for a more accurate assessment of how
the protoplanetary disk influences the final envelope mass of
super-Earths and ice giants.
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